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The realization of interacting topological states of matter such as fractional Chern insulators
(FCIs) in cold atom systems has recently come within experimental reach due to the engineering
of optical lattices with synthetic gauge fields providing the required topological band structures.
However, detecting their occurrence might prove difficult since transport measurements akin to
those in solid state systems are challenging to perform in cold atom setups and alternatives have to
be found. We show that for a ν = 1/2 FCI state realized in the lowest band of a Harper-Hofstadter
model of interacting bosons confined by a harmonic trapping potential, the fractionally quantized
Hall conductivity σxy can be accurately determined by the displacement of the atomic cloud under
the action of a constant force which provides a suitable experimentally measurable signal to detect
the topological nature of the state. Using matrix-product state algorithms, we show that in both
cylinder and square geometries, the movement of the particle cloud in time under the application
of a constant force field on top of the confining potential is proportional to σxy for a suitable range
of field strengths.
Introduction.—Ultracold atoms in optical lattices have
recently become a fruitful field for the realization of
topological states of matter [1–9]. The engineering of
artificial gauge fields [10, 11] has enabled the creation
of band structures with non-trivial topology [1, 12, 13]
and their nonzero Chern numbers [2, 14–18] and chiral
edge states [19, 20] have been detected in the laboratory.
While those experiments focused on non-interacting sys-
tems, first steps have been taken towards the observation
of strongly correlated topological states [21] which can
soon be expected to lead to the experimental realization
of fractional Chern insulators (FCIs) [22–24], lattice ver-
sions of the fractional quantum Hall (FQH) effect [25].
The hallmark signature of these states is their quantized
Hall conductivity which in the solid state is convention-
ally measured by transport experiments that, however,
cannot be straightforwardly adopted into the cold atom
setting. To this end, theoretical studies have proposed to
probe their topological properties through their charac-
teristic edge states [26–29], fractionalization of quasipar-
ticles [30–33], or circular dichroism [34]. Yet, it is still un-
clear which protocol is experimentally most feasible and
it remains a crucial challenge to determine unambiguous
signatures for the topological nature of a putative FCI
state in an optical lattice.
In this Letter, we propose that the topology of an FCI
state can be detected by a drift of the atomic cloud pro-
portional to its Hall conductivity σxy under a constant
force field akin to the non-interacting case [2, 35, 36],
see Fig. 1. We demonstrate this behavior by perform-
ing simulations of the response of an FCI particle cloud
confined by a harmonic potential on cylinder and open
systems and show that σxy can be accurately determined
even in systems containing a number of ∼ 10 particles.
Model and method.—We consider the interacting
FIG. 1. Quantized displacement of an FCI cloud in a har-
monic trap shown by the particle density 〈n〉 at time t = 0
and t = T = 9. A force in −y-direction leads to a drift of the
particles in −x-direction proportional to the Hall conductivity
σxy = 1/2. The force field is of strength Ey = −pi/18 ≈ 0.175
and the confinement kx = ky = 0.024, see Eq. (1).
Harper-Hofstadter model [37] for bosons on a square lat-
tice on a cylinder and square geometry with Hamiltonian
H = H0 +HU and
H0 =− J
∑
x,y
(
b†x+1,ybx,y + e
iφb†x,y+1bx,y + H.c.
)
(1)
+
∑
x,y
[
kx
2
(x− x0)2 + ky
2
(y − y0)2 + Eyy
]
nx,y,
where b†x,y (bx,y) creates (annihilates) a boson and nx,y =
b†x,ybx,y measures the occupation number at site (x, y).
The phase φ = pix/2 − φext/Ly generates both a flux
of pi/2 per square plaquette and φext through the cylin-
der. The centers of the confining potentials are given by
x0(y0) = (Lx(y)−1)/2 and Ey denotes the electric field in
y-direction in the square geometry. The interacting term
reads HU = (U/2)
∑
x,y(nx,y − 1)nx,y, but we consider
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2the hardcore boson limit U/J →∞ and set J = 1 so that
all energy values are given in units of 1/J . This model
exhibits four single-particle bands and has been shown
to host a ν = 1/2 Laughlin state [38, 39] at half filling
of the lowest Chern number C = 1 band for both large
and infinite U in several studies [26, 28, 40–43]. In or-
der to investigate the interacting model, we compute the
ground state using the DMRG [44] algorithm and simu-
late the time evolution of the system including an electric
field to extract the Hall conductivity σxy with the algo-
rithm introduced in Ref. [45]. Note that we use the term
electric field in analogy to the U(1) gauge theory of elec-
tromagnetism, yet we do not refer to a physical electric
field and the bosonic particles do not need to have –and
in experiments with cold atoms– will not have an electric
charge.
Quantized displacement.—We focus on four geome-
tries: three cylinders of length Lx = 16 and width
Ly = 4, 6, 8 with 5, 7 and 10 particles and an open sys-
tem with Lx × Ly = 14 × 14 and 8 particles. As con-
finement strength, we choose kx = 0.024 on the cylinders
and kx = ky = 0.024 for the open system which leads to
extended regions of filling 〈n〉 ≈ 0.125 in the centers of
the system compatible with half filling of the lowest band
(see Fig. 2). We present the effect of the trap strength
on the density distribution in the cylinder case in more
detail in [46].
We then study how the ground states evolve in time
when the particles are subject to an additional constant
force and first focus on the cylinder system. We there-
fore dynamically tune the external flux φext through the
cylinder from time t = 0 to t = T as φext(t) = 4pit/T .
This varying flux induces an electric field around the cir-
cumference of the cylinder of the form ~E = −d ~A/dt =
−(4pi/(TLy))yˆ. If the central region indeed forms a
ν = 1/2 Laughlin state, we expect a bulk Hall con-
ductivity of σxy = 1/2 leading to a current response
of jx = σxyEy. Initially, the cloud spreads over ap-
proximately 8 × Ly sites with tails of lower particle
density on the edges. In order to test the bulk re-
sponse, we monitor the quantity ∆Qnet defined below.
The charge that has flown at time t through a cut be-
tween the sites at x = i and x = i − 1 is given by
∆Qi→i−1(t) =
∑i−1
x=1
∑Ly
y=1(〈nx,y(t)〉 − 〈nx,y(0)〉). We
then take the average of this quantity over the particle
cloud at the center of the system and define
∆Qnet(t) =
1
8
12∑
i=5
∆Qi→i−1(t). (2)
With T →∞, this quantity should approach unity when
two flux quanta (4pi) have been inserted through the
cylinder according to Laughlin’s gauge argument [47].
Note that we have found this quantity to be more ac-
curate than the center of mass of the particles for deter-
mining the Hall conductivity as the effects of the tails of
FIG. 2. Particle and current density of FCI states for cylinder
(upper part, Ly = 8, kx = 0.024, N = 10) and square geome-
try (lower part, Lx ×Ly = 14× 14, kx = ky = 0.024, N = 8).
Both systems exhibit extended central regions of 〈n〉 ≈ 1/8
with chiral edge currents propagating around. The chemical
potential µ of the harmonic trap is plotted in between for ori-
entation and applies to both cylinder and square cases in the
x-direction with the respective coordinate axis.
the particle density around the edges without quantized
σxy can be excluded in this way. We show the results
for the final value ∆Qnet(T ) for the different circumfer-
ences in Fig. 3(a) where the ramping times T are cho-
sen such that the flux insertion induces electric fields of
equal strengths for the respective Ly as Ey ∝ 1/(TLy).
The value of ∆Qnet(T ) clearly approaches unity as the
electric field is decreased (T increased). Especially with
increasing Ly, the quantity seems to converge earlier and
in a more controlled manner which can be understood by
looking at the behavior of ∆Qnet(t) over the full evolution
time shown in Figs. 3(b)-(d). For small times, the charge
pumping is clearly non-adiabatic resulting in a final value
below unity. With increasing T , however, the ∆Qnet-t/T
curve approaches a line with slope one exhibiting oscilla-
tions around it. These oscillations become weaker with
3FIG. 3. Behavior of the averaged pumped charge on the cylin-
der system ∆Qnet(t) (a) at t = T after a flux insertion of 4pi
as a function of the field strength Ey for Ly = 4, 6, 8. The
pumped charge converges to unity for small field strengths
Ey (large flux insertion time T ) indicating a Hall conductiv-
ity of σxy = 1/2. (b)-(d) Full time evolution of ∆Qnet for
different ramp times T at each circumference (b) Ly = 4, (c)
Ly = 6, and (d) Ly = 8. The times for different Ly have been
chosen such that they lead to the same field strengths for all
cylinder circumferences. Even as the final value of ∆Qnet(T )
approaches unity (compare to (a)), the full time evolution still
shows oscillations around a linear ∆Qnet-t dependence whose
magnitude go down as ∝ 1/T .
increasing evolution time as ∝ 1/T ∝ EyLy resulting in
a quicker convergence of ∆Qnet(T ) as a function of Ey to
unity at larger circumferences.
We now turn to the time evolution in the square
system with open boundary conditions. The electric
field in this case is simply created by a static potential
Φy = Eyy and we set its strength equal to the one for
the Ly = 8 cylinder, i.e. Ey = −pi/(2T ). Since the
particle cloud only extends over 8 sites in y-direction
on columns x = {6, . . . , 9} (see Fig. 1), we average
∆Q only over these and compute it as ∆Qnet,open(t) =
1
4
∑9
i=6 ∆Qi→i−1(t) leading to the behavior shown in
Fig. 4. For small evolution times T (large field strengths),
it is qualitatively very similar to the Ly = 8 cylinder case,
however, the value at t = T decreases for larger times.
We attribute this to the fact that at small values of the
field, the confining potential gradient in the area of the
cloud, especially at the edges, becomes comparable to
the potential gradient creating the electric field. We will
comment further on this below where we investigate the
behavior of free fermions in larger systems.
Comparison to Chern insulator of free fermions.—
While the quantization of the total charge pumping
∆Qnet(T ) on the cylinder becomes ever more accu-
FIG. 4. Time evolution of the pumped charge ∆Qnet,open in
the system with square geometry and harmonic confinement
in both x and y-direction. The behavior is qualitatively sim-
ilar to the Ly = 8 case from Fig. 3(d), but the total pumped
charge decreases for larger T which happens due to the compe-
tition between confining potential and field-creating potential
(see main text).
rate with increasing T , the value in the experimentally
more realistic square geometry decreases for smaller field
strengths. Larger system sizes allow for weaker trap
strengths kx and ky, however, are not feasible to simu-
late for the interacting system. We therefore investigate
whether the displacement behavior is similar in an inte-
ger Chern insulator (CI) of free fermions and how it is
influenced by the system size.
To this end, we consider the Hamiltonian from Eq. (1)
for non-interacting fermions instead of hardcore bosons
and compute the displacement on a cylinder and open
system of comparable size to the interacting case. An
integer CI in this system forms when the lowest band is
completely filled with fermions, corresponding to a part-
cle density of 〈n〉 = 1/4. We choose a cylinder system
of Ly = 8 with N = 20 particles and kx = 0.024 and
an open geometry of Lx × Ly = 16 × 16 with N = 22
particles and kx = ky = 0.024. The density distribution
of the ground states is shown in Fig. 5(a) and (b) and
the bulk of both systems displays a filling of 〈n〉 ≈ 0.25
corresponding to a CI in the lowest band. In the cylinder
system, we create an electric field by threading 2pi flux
through the system during time T resulting in an electric
field of Ey = −pi/(4T ) and monitor the value of ∆Qnet
defined in Eq. 2 which is depicted in Fig. 5(c). For the
open case, we switch on a potential that causes a field of
the same strength and we again average ∆Qi→i−1 over
the central four sites as in the open FCI case. Addition-
ally, we correct by a factor of 4/5 since the bulk part of
the cloud extends over 10 sites along the y-direction as
opposed to 8 on the cylinder. The pumped charge ∆Qnet
4FIG. 5. Comparison of the integer Chern insulator (CI) of
free fermions on the cylinder and open geometry. The cylin-
der case whose particle density distribution is depicted in (a)
includes a trapping potential with strength kx = 0.024 in
x-direction while the open case (b) features additional con-
finement of the same strength in y-direction. Both systems
show a wide region of particle density 〈n〉 ≈ 1/4 correspond-
ing to a completely filled lowest band with Chern number
C = 1. Figures (c) and (d) show the data for the pumped
charge ∆Qnet(T ) for cylinder and open system, respectively.
Their behaviors are qualitatively similar to the ones of the
FCI system in Figs. 3(d) and 4.
can be written dependent on Lx as
∆Qnet(t) =
256
5L2x
x+∑
i=x−
∆Qi→i−1(t), (3)
where x± = Lx/2 + 12 ± (Lx/8 − 12 ). As in the interact-
ing system, the pumped charge in the open case shows
a very similar behavior to the cylinder data for small
to moderate T , but the response decreases again if T
becomes larger. As mentioned previously, the origin of
this decrease is most likely due to the fact that the ratio
between electric field and the confining potential along y-
direction is becoming too small. For the non-interacting
case, it has been shown that the center of mass is a good
observable to determine the Chern number (Hall conduc-
tivity) when weakening or even completely turning off the
confining potential [35]. However, it is not clear in the
interacting case whether the integrity of the FCI state
would sustain after the trap has been switched off.
In order to gain further insight into the behavior at
large times, we therefore study the size dependence of
the displacement since in larger systems, the confining
potential strengths can be reduced. We consider two
more setups with Lx = Ly = 32, 64, N = 88, 352 and
kx = ky = 0.006, 0.0015. This sequence means we double
0 10 20 30 40 50 60
T
0.0
0.2
0.4
0.6
0.8
1.0
∆
Q
n
e
t
(T
)
Lx = Ly = 64
Lx = Ly = 32
Lx = Ly = 16
FCI
FIG. 6. The charge pumping as a function of total evolution
time T for the free fermion CI at three different system sizes
(solid lines) and the FCI data from Fig. 4 (dots) for compar-
ison. Small times exhibit clear non-adiabatic behavior with a
value much smaller than unity. The value of ∆Qnet decreases
for large times, but this downturn is less pronounced for larger
system size. The FCI data qualitatively agrees with that of
its non-interacting counterpart.
the linear system size, multiply the particle number by
four and divide the confinement strength by four for the
subsequent size which ensures that the trapping poten-
tial has the same value around the edge of the particle
cloud for each of the geometries. Note that we do not
alter the field strength between different sizes, the ex-
pression of ∆Qnet in Eq. (3) is normalized such that it
should approach unity at time T if σxy = 1. The value
of the displacement as a function of the evolution time T
is shown in Fig. 6. The data shows a clear non-adiabatic
behavior for T . 2 followed by oscillations around the
quantized value and a downturn towards larger times.
This downturn, however, softens as the system size grows
so that a decent value of quantization (0.98 at T = 60 for
L = 64) can be read off even for long times in the largest
system. Additionally, we show the data of the FCI from
Fig. 4, which qualitatively agrees with the free fermion
system. We therefore expect that the downturn will be
less prominent as well in larger interacting systems that
could be realized experimentally, but are too expensive to
simulate numerically. Even in the small FCI system that
we evaluated, the data shows a reasonable quantization
(1± 0.033) in the time window of T ∼ 5− 15.
Conclusion.—The Hall conductivity of a ν = 1/2 FCI
confined by a harmonic potential can be accurately de-
termined by measuring the transverse displacement of
the particle cloud under the application of a constant
force, both in a cylinder and open geometry. The force
field has to be weak enough to avoid non-linear effects,
yet too small fields yield to a decrease of the signal in
the open system. While cylindrical optical lattices in-
cluding a dynamical flux threading can in principle be
5engineered [48], the effect of the decrease in the displace-
ment for small fields in the open case is weakening with
increasing system size as indicated by the comparison to
a non-interacting CI.
The harmonic confinement accounts for a realistic ex-
perimental setup and the displacement of the particles
can be measured by taking snapshots of the particle cloud
with single-site resolution [49]. In our simulations, the
difference in position is only of the order of one lattice
site since we restricted ourselves to the insertion of two
flux quanta in the cylinder systems. This value should be
large enough to resolve experimentally, however, longer
evolution times will linearly increase the displacement
leading to a clearer experimental signal. As a compar-
ison, the drift to determine the Chern number of the
lowest band in Ref. [2] was measured over a time of 50/J
which is one order of magnitude larger than the times at
which the quantization is observable in our simulations.
While completing this mansucript we became aware of
a related work studying the Hall drift of an FCI in the
interacting Harper-Hofstadter model [50].
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GROUND STATE PROPERTIES
Here, we give further details on the ground states in
our systems, especially regarding their dependence on the
strength of the confinement potential in the cylinder case.
To check the parameter region of kx in which the FCI on
the cylinder is stable, we compute the particle number in
the central 8× Ly sites of the system as
Nc =
12∑
x=5
Ly∑
y=1
〈nx,y〉 . (1)
This data is shown in Figs. S1(a)-(c). For all circumfer-
ences, we observe a wide plateau ofNc ≈ Ly for a range of
kx values, signaling that the average filling is close to 1/8.
We expect that all kx values that show the corresponding
particle number stabilize the FCI (0.015 . kx . 0.05).
To obtain a more detailed understanding of the density
distribution, we focus on one parameter point deep inside
the plateau at kx = 0.024 and show the average density
per site N(x) as a function of x in Figs. S1(e)-(f). It is
defined as
N(x) =
1
Ly
Ly∑
y=1
〈nx,y〉 = 〈nx,y〉 . (2)
The last equality follows from the translational invari-
ance in the y-direction which implies that the expectation
value at one site is equal to the average around the cylin-
der at fixed x. The density profile for Ly = 4 in Fig. S1(a)
shows a clear charge density wave (CDW) pattern in the
central region. This is consistent with the CDW order
of the Tao-Thouless state arising in the thin torus limit
of the FQH effect [1–4] which is adiabatically connected
to the Laughlin state in two dimensions. Due to the
interplay of filling factor, trapping potential and CDW
order, the state at Ly = 4 breaks the reflection symme-
try about the central bond of the system. We verified
the existence of a nearly degenerate state with the CDW
pattern shifted by one site again consistent with the thin
torus limit state. The magnitude of the CDW order pa-
rameter is expected to decrease exponentially with the
cylinder circumference [5]. Indeed, the data for Ly = 6 in
Fig. S1(b) shows a reduced density modulation albeit the
state still breaking the reflection symmetry. Additionally,
the CDW pattern is less regular as the finite size of the
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FIG. S1. (a)-(c) Number of particles Nc in the central 8×Ly
sites as a function of the confining strength kx. For all three
circumferences, a wide plateau of Nc ≈ Ly emerges which
points to an average density of 〈n〉 ≈ 1/8 corresponding to a
ν = 1/2 filling of the lowest band. (d)-(f) Average particle
density N(x) at site (x, y) for confining strength kx = 0.024.
This is the kx we focus on to compute the displacement in the
main text. The Ly = 4 system shows a clear CDW pattern
which decreases with increasing Ly, yet the average filling in
the center of the system is close to 〈n〉 = 1/8 for all system
sizes indicated by the orange dashed line.
particle cloud influences it more strongly. At Ly = 8
in Fig. S1(c), there is no CDW-like density modulation
observable and the reflection symmetry is restored indi-
cating the crossover to 2D behavior. Due to boundary ef-
fects, it is not possible to define a meaningful CDW order
parameter to check its exponential decay as a function of
circumference, but the data qualitatively agrees with the
theoretical picture. In Fig. S2, we show the density along
a cut through the center of the system with square ge-
ometry considered in the main text with Lx = Ly = 14
and kx = ky = 0.024 where we also observe an extended
central region of filling 1/8.
The stationary particle currents in the ground state
depicted in Fig. 2 of the main text are computed as fol-
lows. The current in the x-direction flowing from site
(x, y) to site (x+ 1, y) is given by
J x(x→x+1,y) =
〈
−iJb†x,ybx+1,y + H.c
〉
(3)
2FIG. S2. Particle density along a cut through the center of the
open system (see inset) displaying a central region of filling
〈n〉 ≈ 1/8.
and the current in the y-direction flowing from site (x, y)
to site (x, y + 1) is defined as
J y(x,y→y+1) =
〈
−iJe−i(pix2 − 1Ly φext)b†x,ybx,y+1 + H.c
〉
(4)
where y = Ly + 1 corresponds to y = 1. We clearly ob-
serve counterpropagating currents in y-direction around
the circumference of the cylinder at the edges of the par-
ticle cloud showing the chiral nature of the state as a
further indicator for the presence of the FCI. A represen-
tative current distribution for the cylinder case is shown
in the upper density plot of Fig. 1 in the main text for
the Ly = 8 system. For the square geometry, the chiral
currents flow in clockwise direction around the particle
cloud which is depicted in the lower plot of Fig. 2.
DETAILS OF MPS SIMULATIONS
We compute the ground state for the cylinder sizes
and the open system with standard DMRG and ensure
that the particle density has converged in the MPS bond
dimension χ. The displacement is then calculated using
the matrix-product operator (MPO) time evolution algo-
rithm introduced in Ref. [6] with the W II expression for
the time evolution MPO matrices. In order to guarantee
the reliability of our results, we perform the time evolu-
tion for MPS bond dimensions of χ = 100, 300 and 500
and time steps of dt = 0.005, 0.01 and 0.05. We find that
the results for the particle density and hence the value of
the displacement do not change anymore in the cylinder
systems between computations at χ = 300 and χ = 500
as well as between the choice of time steps dt = 0.01 and
dt = 0.005 proving that these quantities have converged.
The square geometry required to increase the bond di-
mension to χ = 800 to guarantee convergence.
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